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R- TRANSFORM THEORY ON A TOWER OF AMALGAMATED 
NONCOMMUTATIVE PROBABILITY SPACES 

ILWOO CHO 



Abstract. In [12], we observed Amalgamated R-transform Theory. Different 
from the original definition of Voiculescu and Speicher (in [10] and [1]), we 
define R-transforms of operator-valued random variable(s) by operator-valued 
formal series. By doing that we can establish Amalgamated R-transform cal- 
cuius. In this paper, we will concentrate on observing R-transforms on a 
, tower of amalgamated noncommutative probability spaces. We will consider 

• ' the R-transform calculus and relation between R-transforms on the tower and 

' distributions with respect to the tower. As application, we will observe the 

^ ^ compatibility of the given tower and commuting ladders of amalgamated non- 

commutative probability spaces. 



Voiculescu developed Free Probability Theory. Here, the classical concept of In- 
dependence in Probability theory is replaced by a noncommutative analogue called 
Freeness (See [8]). There are two approaches to study Free Probability Theory. 
Q>^ ] One of them is the original analytic approach of Voiculescu (See [8] and [7]) and 

the other one is the combinatorial approach of Speicher and Nica (See [1], [6] and 
[7]). 

To observe the free additive convolution and free multiplicative convolution of 
two distributions induced by free random variables in a noncommutative prob- 
ability space (over B = C), Voiculescu defined R-transforms and S-transforms, 
I respectively. These show that to study distributions is to study certain {B-) formal 

' series for arbitrary noncommutative indeterminants. 

Speicher defined the free cumulants which are the main objects in the combi- 
natorial approach of Free Probability Theory. And he developed free probability 
theory by using the combinatorics and lattice theory on collections of noncrossing 
' partitions (See [7]). Also, Speicher considered the operator- valued free probability 

^ I theory, which is also defined and observed analytically by Voiculescu, when C is 

replaced to an arbitrary algebra B (See [1] and [7]). Nica defined R-transforms 
of several random variables (See [6]). He defined these R-transforms as multi- 
variable formal series in noncommutative several indeterminants. To observe the 
R-transform, the Mobius Inversion under the embedding of lattices plays a key role 
(See [1], [7], [5], [9], [13] and [17]). 

In [9], [19] and [20], we observed the amalgamated R-transform calculus. Actu- 
ally, amalgamated R-transforms are defined originally by Voiculescu (See [7]) and 
are characterized combinatorially by Speicher (See [1]). In [9], we defined amalga- 
mated R-transforms slightly different, compared with those in [1] and [7], because 
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of the bimodule map property. We defined them as _B-formal series, in Og, in s- 
nonc;oniniutative indeterminents and tried to characterize, hke in [6] and [7]. The 
main tool which is considered, for studying amalgamated R-transform calculus, 
is the amalgamated boxed convolution, Hs defined in [9]. After defining boxed 
convolution over an arbitrary algebra B, we could get that 

Rxr,...,xs Eb Kr^vl"^ = Rxivi,...,x,v„ for any s e N, 

where Xj's and yj's are free B- valued random variables. However, different from 
scalar- valued case (in [6] and [7]), in general, 

even if xj's and yj's are free over B. 

In this paper, we will consider a tower of algebras, i.e 

C c -B c Ai c A2 C .... C Aoo, 

where Ai is an algebra over B and Aj+i is an algebra over Aj, for all j = 1, 2, ■ • •, 
and Aoo is an enveloping algebra of this tower of algebra. Notice that An is an 
algebra over B, again, for all n G N. 

In Chapter 1, wc will observe Amalgamated R-transform Theory established in 
[9]. In Chapter 2, we will consider the R-transform theory on a tower of algebras. In 
Chapter 3, we will study the relation between R-transforms on a tower of algebras 
and operator-valued (or scalar-valued) distributions on that tower. In Chapter 4, as 
application, we will define a operator-valued semicircularity on a tower of algebras 
and observe their R-transform theory. Also, after assuming the compatibility on the 
tower, we will observe the R-transform calculus and operator-valued distributions. 



1. Preliminaries 



1.1. Amalgamated Free Probability Theory. 

In this section, we will summarize and introduced the basic results from [1] and 
[9] . Throughout this section, let -B be a unital algebra. The algebraic pair {A, (p) is 
said to be a noncommutativc probability space over B (shortly, NCPSpace over B) 
if A is an algebra over B (i.e 1b = & B c A) and ip : A B is a. B-functional 
(or a conditional expectation) ; (fi satisfies 

ip{b) = b, for all 6 G B 
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and 

(p{bxb') = bip{x)b', for all b,b' G B and x G A. 

Lot {A, (f) be a NCPSpacc over B. Then, for the given _B-functional, we can 
determine a moment multiplicative function (p = (</5^"'')5^i € I {A, B), where 

<^("^(ai (g) ... (g) an) = <^(ai....a„), 

for all ai (g ... (g) a„ G Vn G N. 

We will denote noncrossing partitions over {1, ...,n} (n G N) by NC{n). Define 
an ordering on NC{n) ; 

6 = {Vi, l^fe} < TT = {Wi, WiYU For each block G 6, there exists only 
one block Wp G tt such that Vj C Wp, for j = 1, k and p = 1, Z. 

Then {NC{n), <) is a complete lattice with its minimal element 0„ = {(1), (n)} 
and its maximal clement 1„ = {(l,...,n)}. We define the incidence algebra I2 
by a set of all complex- valued functions 77 on UJ^L^ {NC(n) x NC{n)) satisfying 
'q{6, tt) = 0, whenever 6 ^ w. Then, under the convolution 

* : /2 X 72 — >■ C 

defined by 

?7i * 772(6!, tt) = E %(6',o-) •^2(o->'r), 

6l<<7<7r 

I2 is indeed an algebra of complex- valued functions. Denote zcta, Mobius and 
delta functions in the incidence algebra I2 by (, ji and 5, respectively, i.e 



1 e<Tr 

otherwise, 



1 = 7r 

otherwise, 



and /X is the (*)-inverse of (,. Notice that 5 is the (*)-identity of 12- By using the 
same notation (*), we can define a convolution between I {A, B) and I2 by 

/ * ?7(ai,...,a„; tt) = /(7r)(ai (g ... (g a„)?7(7r, 1„), 

7r6iVC(n) 

where / G 7(A,B), 77 G /i, tt G NC{n) and G A (j = 1, ...,n), for aU 7i G N. 
Notice that f * r/ G I{A,B), too. Let be a moment multiplicative function in 
I{A, B) which we determined before. Then we can naturally define a cumulant 
multiplicative function c= (c'"))^^! G I {A, B) by 

c = '(fi*fi or ^ = c*(. 
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This says that if we have a moment multipUcative function, then we always get 
a cumulant multiplicative function and vice versa, by (*). This relation is so-called 
"Mobius Inversion". More precisely, we have 



^ E c(7r)(ai 
= E c(7r)(ai 



>an)C{'^, In) 

'an), 



for all aj S A and n G N. Or equivalently, 

c(")(ai (g) ... (g) a„) = J2 ^(7r)(ai (g) ... (g) o„)/x(7r, 1„). 

TTeNC{n) 



Now, let {Ai,ip^) be NCPSpaccs over B, for all i € /. Then wc can define a 
amalgamated free product of Ai 's and amalgamated free product of ip^'s by 

A = *BAi and ip = *iipi, 

respectively. Then, by Voiculescu, {A, ip) is again a NCPSpace over B and, as a 
vector space, A can be represented by 



V \ilyi...^ir, 

where Ai^ Q B — ]^eT^p^^. We will use Speicher's combinatorial definition of 
amalgamated free product of B-functionals ; 



Definition 1.1. Let (Ai, Lp,^) be NCPSpaces over B, for all i E I. Then (p = *ip}i is 

the amalgamated free product of B-functionals tp^'s on A = *BAi if the cumulant 

multiplicative function c = ^* & I {A, B) has its restriction to U Aj, © c^, where 

iei iel 

Ci is the cumulant multiplicative function induced by ip^, for alii & I and, for each 
n G N, 

c(")(ai ® ... ® a„) = I ^^^"^('^i ® - ® '^"^ ^ 

I R otherwise. 



Now, we will observe the freeness over B ; 



Definition 1.2. Let {A, ip)be a NCPSpace over B. 

(1) Subalgebras containing B, A^ c A (i G I) are free (over B) if we let = 

Lp \Ai, for all i £ I, then *ip>^ has its cumulant multiplicative function c such that its 
restriction to Ai is © where Ci is the cumulant multiplicative function induced 

by each (p^, for all i € I. 
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(2) Sebsets Xi (i El) are free (over B) if subalgebras Ai 's generated by B and 
Xi 's are free in the sense of (1). i.e If we let Ai = ^Ig {Xi, B) , for all i £ I, then 
Ai 's are free over B. 

In [1], Speicher showed that the above combinatorial freeness with amalgama- 
tion can be used alternatively with respect to Voiculescu's original freeness with 
amalgamation. 

Let {A, If) be a NCPSpace over B and let xi, Xg be B-valued random variables 
(s G N). Define (ii, ...,i„)-th moment of xi, ...,Xs by 

(p{Xi^ • • • ^in "^^n ) ' 

for arbitrary bi^,...,bi^ G B, where e {!,... ,s}", Vn G N. Similarly, 

define a symmetric (ii, i„)-th moment by the fixed 6o S .B by 

ip{xi^boXi^...boXiJ. 

If 6o = 1b) then we call this symmetric moments, trivial moments. 

Cumulants defined below are main tool of combinatorial free probability theory 
; in [9], we defined the (ii, in)-th cumulant of xi, Xs by 

k„{xi^,...,Xi^) = c(")(a;ii ®bi^Xi^ ^ ■■■ <^ h^XiJ, 

for bi2,...,bi^ e B, arbitrary, and (ii,...,i„) £ {l,...,s}", Vn G N, where c = 
is the cumulant uniltiplicativc function inchiccd by (p. Notice that, by 
Mobius inversion, we can always take such value whenever we have (ii, in)-th 
moment of xi,...,Xs- And, vice versa, if we have cumulants, then we can always 
take moments. Hence we can define a symmetric (ii, ...,i„)-th cumulant by bo & B 
oixi,...,Xs by 

kn""^^''°\xi^,...,XiJ = c(")(a;ji 'S>boXi^ ...'S)boXiJ. 

If bo = 1b, then it is said to be trivial cumulants of ...,a;s. 

By Speicher, it is shown that subalgebras Ai {i G 7) are free over B if and only 
if all mixed cumulants vanish. 

Proposition 1.1. (See [1] and [9]) Let {A^ip) be a NCPSpace over B and let 
Xi, Xs e [A, (p) be B-valued random variables G Nj. Then x\, Xg are free if 
and only if all their mixed cumulants vanish. □ 
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1.2. Amalgamated R-transform Theory. 

In this section, wc will define an R-transform of several J5-valued random vari- 
ables. Note that to study R-transforms is to study operator-valued distributions. 
R-transforms with single variable is defined by Voiculescu (over B, in particular, 
B = C See [8] and [7]). Over C, Nica defined multi- variable R-transforms in [6]. In 
[9], we extended his concepts, over B. R-transforms of valued random variables 
can be defined as B-formal series with its (ii, i„)-th coefficients, (ii, i„)-th 
cumulants of B- valued random variables, where e{l,...,s}", VneN. 

Definition 1.3. Let {A, (f) be a NCPSpace over B and let xi, ...,Xs & {A, (f) be B- 
valued random variables (s G N). Let zi, Zs be noncommutative indeterminants. 
Define a moment series of x\, ...,Xs, as a B-formal series, by 

Mxi,...,xA^i^-^Zs) = J27=i X) 'fiixiibi^x^^-bi^XiJ Zi^...Zi^, 

«li--i»nG{l)--->s} 

where bi^, bi^ G B are arbitrary for all (12, in) G {Ij s}"'~^, Vn G N. 
Define an R-transform of x\, ...,Xs, as a B-formal series, by 

n>--->«ne{l,---.s} 

with 

kn{xt^, ...,Xi^) = c(")(a;ji (g) bi^x^^ (gi ... (g b^^Xi^), 

where bi2,.--,bi^ G B are arbitrary for all (i2, •••,*«) S {1, s}""^, Vn G N. 
Here, c= (c("))~=i is a cumulant multiplicative function induced by (p in I {A, B). 

Denote a set of all B-formal series with s-noncommutative indeterminants (s G 
N), by e%. i.e if 5 G Gfj, then 

g{Zl,.-.,Zs) = Yl'^^l J2 bii,...,in Zil--Zin^ 

where bi^^,„^i^ G B, for all [ii, ...,in) G {1, s}", Vn G N. Trivially, by definition, 
Mxi,...,xsJ Rxi,...,xs G 6b- By T^s, we denote a set of all R-transforms of s-B-valued 
random variables. Recall that, set-theoratically, 

e|j = n%, sor all s G N. 

We can also define symmetric moment series and symmetric R-transform by 
60 e B, by 

Zs) = E ^{xi^Xi^.-boXiJ Zi^...Zi^ 

ii,...,i„S{l,...,s} 

and 
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r,symm{bo), ^ \ V 7,symm(6o)/ x 

»li--i»nG{li--->s} 

with 

for all (ii, ...,i„) e {1, s}", Vn e N. 

If 60 = then we have trivial moment series and trivial R-transform of Xi, Xg 
denoted by M*^ and -R^j,...,^,) respectively. 

The foUowings are known in [1] and [9] ; 

Proposition 1.2. Let {A,(f) be a NCPSpace over B and let xi, ...,Xs,yi, ■■■,yp S 

{A, If) be B-valued random variables, where s,p G N. Suppose that {xi, ...,Xs} and 
{yi,...,yp} are free in {A,(p). Then 

(1) Rxi,...,Xs,yi,...,ypi.^li ■■■■> ^s+p) — -Rxi,...,Xs(2'l) •••) Zg) + Ryi^...^yp{Zl, Zp). 

(2) Ifs = p, then Rx^+y^^,„^x,+yAzi^---^Zs) = {Rxi,...,x, + Ryi,...,yJ {zi, Zs). 

□ 

The above proposition is proved by the characterization of freeness with respect 
to cumulants. i.e {xi,...,Xs} and {yi,---,yp} are free in {A,(f) if and only if their 
mixed cumulants vanish. Thus we have 

kn{Pii,-;PiJ = c^'^Kvii ® bi2Pi2 O ••• ® hr^PiJ 
= (c^ e c^)^"' (Pn <8) bi^pi^ ... bi^pij 

{^n(^zi J ■■■J or 

and if s = p, then 
kn{xi^ +yii,...,xi^ +yij 

= c(") {{xi^ + t/ii) O bi^{xi^ + yi^) O ... O bi^{xi^ + yij) 
= c("'(a;ii <8) bi^a;,^ O ... (g) h^XiJ + c^"'\yi^ ^h^yi^®...® hnVin) + [Mixed\ 

where [Mixed] is the sum of mixed cumulants of xj^s and t/j's, by the bimodule 
map property of c^"' 

= fc„(a;ii, ...,.-r,,J + knivi^, ■■■,yij + Ob- 

Note that if /, 5 G 8^, then we can always choose free {a;i, ...,Xs} and {yi, ...,ys} 
in (some) NCPSpace over B, {A, ip), such that 

f = Rxi,...,Xs and g = Ryi,...,ys- 



Definition 1.4. (1) Let s G N. Let {f,g) e 0% x e%. Define \B:e%x&%^Q% 
by 
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— {Rxi,...,x^, Ryi,...,y^) I ^ Rxi,...,Xg Q ,...,5/3 • 

Here, {xi,...,Xs} and {yi,...,ys} are free in {A,ip). Suppose that 

coefi^^„^i^ {Rxi,...,xJ = c(")(xii ® bi^Xi^ (g) ... (g) h^XiJ 

and 

coefi^,...,iSRy^,...,y,) = c'^"-\yh O b'i^Vi^ O ... O 6-„yi„), 
/or all {ii,...,in) € {l,...,s}", n S N, where bi^,b'^^ € B arbitrary. Then 
coefi^^,,,^i^ {Rxi,...,xs ^ Ryi,---,ya) 

weNC{n) 



denote 



veNC(n) 



where Cx®Cy = c U,*bA^, = ^Ig ({a^J^i, -B) and = Alg ({yjf^i, B) 
anrf where tt U iirr(7r) «s an alternating union of partitions in NC{2n) 



Proposition 1.3. (See [9])Let {A, cp) he a N CP Space over B and let xi, ...,Xs,yi. ...,ys € 
{A,ip) be B-valued random variables (s € M). If {xi, ...jXs} and {yi, ...,2/s} are free 
in {A, if), then we have 

kn{xiiyii 1 Xi^yi^^ 

= Yl {cx®Cy){TTUKr{7r)){xi^^yi^^bi^Xi2^yi^^ ...^bi^Xi^^yiJ 



denote 



X] i^v ® kj^^fS j {xij^,yij^, ...,Xi^,yi^), 

■neNC{n) ^ ^ ' J 



for all (ii, ...,i„) e {1, ...,s}", Vn G N, 6^2, £ B, arbitrary, where c^Oc^ = 

cU.*B^,, =^lg({a;iK=i,-B) a?id Ay = Alg({yJ^^i,B). □ 

This shows that ; 

Corollary 1.4. (See [9j) Under the same condition with the previous proposition, 

Rxi,...,Xs ^ Ryi,...,yg ~ Rxiyi,...,Xsys- 

□ 

Notice that, in general, unless 6- = ... = 6- = 1_b in B, 
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Q Ryi,...,y, ^ R. 



'Xiyi,...,Xsys- 



However, as we can see above, 



R. 




= R. 



■xiyi,...,Xsys 



and 




Hi?* 



'xiyi,...,Xsys ' 



where {xi, ...jXs} and {yi, ■■.,ys} are free over B. Over B = C, the last equation 
is proved by Nica and Speicher in [6] and [7]. Actually, their R-transforms (over C) 
is our trivial R-transforms (over C). 



2. Amalgamated R-transform Theory on a Tower of Algebras 



2.1. R-transform Calculus On a Tower of Amedgamated NCPSpaces. 

Let B be a unital algebra and let A^a bo algebras over B, for all fc = 1, 2, • • •. 

Moreover, assume that Aj+i is an algebra over Aj, for each j = 1, 2, Then we 

can get a tower of algebras. 



Assume that there exists a sequence of conditional expectations (y„ : A„ — > j4„_i) 
where Aq = B. We can express this by 



where (f^ : B ^ C is a fixed linear functional. 

Definition 2.1. Suppose that we have a tower of algebras, 

C C B C Ai C A2 C A3 c ■ ■ ■ 

such that Aj is an algebra over Aj-i, with Ao = B, for each j G N. And assume 

that there is a sequence of conditional expectations, (p^^ : An An-i, for all n G N. 
Then the tower of algebras together with conditional expectations. 



C C B C Ai C A2 C ■ ■ : 



C C*'o B C*'! Ai A2 . . . 
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C C'^o B C*'i Ai A2 ^3 c^Vi ... 

is called a tower of amalgamated noncommutative probability spaces, where ip^ : 
B ^ C is the fixed linear functional. 

If we fix j e N, then the inclusion [Aj C*'j+i Aj+i] satisfies the R-transform 
theory observed in Chapter 1. i.e for each j, we can regard [Aj c'^3+'^ Aj+i] as 
[B C'^ A] observed in Chapter 1. 

We are interested in the case [C C^'^ ^jv]) where N €N and 

i?7V • A]\[ — > C 

is the linear functional defined by 

^ denote 

En = ^o°V'i°'^2° ■•• o'Pn = ^o^i-^N- 

Indeed, En ■ An — > C is a linear functional ; 

En {ax + f3y) = <^o<^i...<^jv ("a; + f3y) 

= V>oV>i-V>N-i {aV>N {x) + l^VNiv)) 

by the bimodule map property of ipN 

by the bimodule map property of ^n-i 

= ... = a(poipi...(pN{x) + (3ipoipi...ipN{y) 

by the linearity of ipQ. 

So, En = (pQipi...(pN is a well-determined linear functional on An, for each N. 

Definition 2.2. Let B be a unital algebra. Let {ip^. : Ak ^fe-i)fcLi > w^^^^ Aq = B 
be a sequence of conditional expectations, where ip^ : B ^ C is a fixed linear 
functional, i. e, we have a tower of N CP Spaces, 

C C^o B c'^i Ai A2 . . .. 

For the fixed j G N, if xi, ...,Xa S {Aj^l,^Pj_^_l) are Aj-valued random variables 
(s Gf^), then the moment series of them is defined by 

ii,...,i„G{l,...,s} 
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as a Aj -formal series in &Aj' where bir^,...,hi^ € Aj are arbitrary for each 

{ii,...,in) S {l,...,s}", n e N. Similarly, in ©a^, ™^ can define a R-transform 
ofxi,...,Xs by 

ii,---,in&{l,---,s} 

with its (ii, ...,in)-th coefficients 

kn ^ {^ii 5 •••) ^in ) ~ ''J + 1 ("^'i ® ^i2'^i2 <8l ••• ^ 0,i^Xi^ ) , 

where ai^,...,ai^ G are arbitrary for all (ii,...,i„) e {l,...,s}", n G N, oTirf 

where Cj+i = (c^^i ) G -^'^ (^i+i; ^i) ih,e cumulant multiplicative bimodule 
V / k=l 

map induced by <Pj+i : ^j+i ^ ^j- Similar to the [B A]-case in Chapter 1, we 
can define trivial moment series and trivial R-transform of x\, ...,Xs by 

«lvi»ne{l,---,s} 

and 

Rxi,...,Xe {zi,---,Zs) — En=l E kn (^ii j •••) ) Zi^-.-Zi^, 

jl,---i»ne{lv)S} 

in B^_,, as Aj -formal series, respectively. Let Ej+i = (/?o<^i ■ " " Vj+i '■ ^j+i ~^ ^ 
be a linear functional. Then a moment series of xi,...,Xs and an R-transform of 
xi,...,Xs are denoted by 

IT^xij.-.jXsizi, Zs) = En=l E Ej^\{Xi^Xi2...Xi^^ Zi^...Zi^ 

ii,--->*ne{lvis} 

and 

'^x\,...,Xsi.Zli •■•J Zs) = ^2in=l E kfi i^iij ■■•i^in) Zij^...Zi^, 

ii,...,i„S{l,...,s} 

as formal series in 8^. respectively. Here, the (ii, ...,in)-th Ej+i- 

moments and {ii, ...,in)-th Ej+i-cumulants are defined in the sense of Speicher 
and Nica (See [6] and [7]). i.e, by using our notation introduced in Chapter 1, they 
are just scalar-valued trivial moments and trivial cumulants. 

( E ■ ) 

Since wc can regard -Ej+i as a linear functional and k„ as a scalar-valued 
cumulants, we will use the notation used in [6] and [7], for the convenience. (For 
example, instead of using the notation for £'j+i(7r)(...) and ce~^ (7r)(...), we will 
use Ej+i ., ^(...) and ki^'+'\...), like in [6] and [7].) 

Notice that we can apply all our results in Chapter 1 to [Aj c'^j+^ ^i+i]) for the 
fixed j e N, in the tower of amalgamated NCPSpaces, 
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C C*'" B C*'! Ai A2 C^a A3 C*'* • • 

By Ekj , we will denote the -valued boxed convolution on . , for all s £ N. 
Also, we can consider the A^-freeness for each j. In this section, we will concentrate 
on observing B-freeness of En and considering £Jjv-cumulants. But first, we can 
get the following R-transform calculus for each step [Aj c'^i+^ ^i+i]- By definition 
and by Chapter 1, we have the following A^-valued R-transform calculus, for each 
j-th step of a tower of NCPSpaces. 

Proposition 2.1. Let B be a unital algebra and assume that we have a tower of al- 
gebras Tb ((Ai)^i) and a sequence of conditional expectations [ipj : Aj 
with Ac = B. i.e, we have a tower of NCPSpaces 

C C"^" B c*'! Ai A2 Cf^ A3 c*'* • • 

Fix j e N. Let xi, Xs,yi, ■■■,ys & {Aj+i,iPj^i) be Aj-valued random variables 
(s € N^. Assume that two subsets of Ajj^i, X = {xi, ...,Xs} and Y = {j/i, t/g} 
are free over A j (in short, A j -free). Then 

(1) Flxi,..},Xs,yi,...,y3{zi, Z2s) = Rxi,..},x,{zi, Zs) + -Ryi (2^5+1, Z2s)- 

(2) R^^l^j^y^^ ,^^j^y^{z\, ...,Zs) = (^Rxu-}-,Xs + Ryu--ly,^ {zi, Zg). 

(3) i?(f,+\L,x,,.(2i,...,2.) = Ba, R^itlv!) {zu...,zs). □ 

From now, we will observe the E'j+i-cumulants of random variables. Notice 
that [Aj^i, Ej+i) is a NCPSpace (over C), since Ej+i : Aj+i — > C is a well- 
determined linear functional. Hence if xi,...,Xs G ^j+i a-re operators, then they 
can be regarded as (scalar- valued) random variables (s € N). So, i^^+i-cumulants 
of them are well-defined with respect to the multiplicative bimodule map ce~^i , 
induced by Ej+i. 

Lemma 2.2. Let B be a unital algebra and let 

C C*'o B C*'! Ai c*'2 A2 A3 C^i ■■■ 

be a tower of am,algamated NCPSpaces. Let Ej^i = ipQipi....(pjj_i : Aj^i — > B 
be a B-functional, for each j = l,...,n. Let G (Aj+i, be B-valued 

random variables (s G N^. Then 



l^n (*^H ; • • - 5 *^iTi ) 
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■KeNC(n) \v={vi,...,Vk)e-iT \eeNC{k) ) ) 

for all {ii, in) e {1, s}", n e N. 



Proof. Fix n G N and (n, i„) e {1, s}". Then 

by using of our notation (See Chapter 1) 

= E Ej+i{ir) (xii (g) bi^Xi^ ... (g) bi^XiJ /ti(7r, 1„) 

7reJVC(n) 

= E .^{Xi^,...,XiJ fl{TT,ln) 

by using notation of Nica and Speicher (See [6] and [7]) 
= E n Ej+i{xy,...Xy^)\ n{Tr,ln). 

■KeNC(n) \V=(vi,...,Vk)eTr J 

(Since -Bj+i is a linear functional, we don't need to consider the insertion prop- 
erty with respect to inner partitions and outer partitions. So, we can conclude the 
above last equality.) 

Now, observe Ejj^i{xy^...Xy^), for the fixed block V = {vi,...,Vk) € tt, for tt € 

NC{n) ; 

Ej+l {x^,...XyJ) = Lp^lf^...LPjLPj^^{x^^...Xy^) 

(2.2.1) 

= Vofi-'fj E Cj+iW {xv^ (8) ... 0a;„J . 

\eGNC(k) J 

From now, we will denote a partition-dependent amalgamated trivial cumulant 
having the form, Cjlyi{0) {xy^ (8) ... ® a;„^) , by k^'^g^ ' {xy-^, Xy,,). By using this 
new notation, we can re-express the formula (2.2.1) ; 

(2.2.2) 
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\eeNC{k) J 



\eeNC{k) ^ ' ^ 



9eNC{k) ^ ' 



eeNC{k) 

Therefore, 

kif'+'\xi^,...,XiJ = J2 n Ej+i{xy^...Xyj\ ij{Tr,ln) 

weNC{n) \V={vi,...,Vk)en J 

= E ( n ( E E,{ki^+l^--\x,,,...,x,,))]] 

TreNCin) \v=ivi,...,vk)e-!r \eeNC(k) ) ) 

The above lemma shows the relation between iJj+i-cumulants and iJj-moments. 

Also, this shows that to compute the E'j+i-cumulants, we only need to consider the 
Mobius inversion for ^j-valued moments with respect to V'j+i) for each block. 

Corollary 2.3. Let B he a unital algebra and let 

C C^o B cy^ Ai A2 A3 c'^^ • • • 

fee a tower of amalgamated NCPSpaces. Define -Bj+i = (pQ(pi...iPj(pj^i, for each 
j = 0, 1, .... Let xi, ...,Xs € {Aj_^_i,Ej_^_i) be random variables (s € N). Then 



ki^'+'\xi^,...,XiJ = J2 n Ej {(fij_^_J^{xy,...Xy^))\ fi{n,ln), 

TreNC{n) \ v={vi,...,Vk)eTr J 

for all (ii, in) e {1, s}", n G N. □ 



Example 2.1. Let j = 2 and let x,y G (^2,-^2) be B-valued random variables. 
Then, by the straightforward computation, we have that 



^3 {x, X, y) = c^^^ (a; (8) a; y) 
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= E E2:n{x,X,y)lJ,{lT,l3) 

veNC{3) 

= E2{xxy) - E2{xx)E2{y) - E2 (xy) E2{x) 

-E2{x)E2{xy) + E2{x)E2{x)E2{y) 

= Wl^2 (Xxy) - ^PQip-^if2{xx)Lp^lf^lf2{y) - ^Q^l^2 {xy) ^Q^ilf2{x) 

-^Q<Pl<P2{x)<fQ^l<f2{xy) + ^PQ^Piif2{x) ■ lfQ^p-^^P2{x) ■ fQfi^P2{y) 

= El {ip2{x^y)) - Er {ip2{x^)) i?i (^2(2/)) - El {ip2{xy)) Ei (Mx)) 

-El i<P2ix)) El {'P2{xy)) + El {^2ix)) El {'P2{x)) El (^2(y)) . 

So, the above lemma and corollary are applied well in the above example. Here, 
by the above corollary, we have the informal way how to find such E2-cumulant ; 

(i) Consider the trivial Ai-valued cumulant ; 

kf^ '*" {x,x,y)= J2 ^{t^) {x,x,y) iiiiT, I3) 

■7veNC{3) 

= <f2 (x'^y) - ^2{x)^2 {xy) - ^2 {xf2{x)y) 

-V2 {x'^) f2{y) + 'P2{x)f2{x)f2{y)- 

(ii) Ignore the insertion property and act Ei = ipQiPi- Then we can get that 

kf^\x, X, y) = El {ip2 {x^y)) - Ei {ip2{x)) Ei (^2 {xy)) 

-El {^2 {xy)) El {^2{x)) - El {^2{x^)) El {ip2{y)) 
+Ei {(fi2{x)) El {(fi2{x)) El (My)). 



Corollary 2.4. Let B be a unital algebra and let 

C c"^" B cy^ Ai A2 c^^ As. c'^-' • • • 

he a tower of amalgamated NCPSpaces. Let Sj+i — ipQipi...(pj_^_i be a linear 
functional on ^j+i, for all j. Let x S (^j+i, -Ej+i) be a random varialbe. Then 

ki^'^^'^ix, ,x]= E ( n Ej (cp^^.ix''))] t^{n,ln). 

y '/ ireNCin) \V={vi,...,Vk)eiT J 

\ n— times / 

□ 

Now, we will observe the R-transform calculus for -Bj+i- The results are came 
from Chapter 1, [6] and [7] ; 
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Proposition 2.5. (See [6] and [7J) Let B be a unital algebra and let 

C C^o B C*'! Ai c*'2 A2 vlg ... 

be a tower of amalgamated NCPSpaces. Then, for any fixed j e N, the following 
R-transform calculus holds true ; suppose thatxi, ...,Xs,yi, ...jys € (Aj+i, iJj+i) are 
random variables (s £ N) and assume that X = {xi,...,Xs} and Y = {yi,...,ys} 
are free. Then 

(1) ^xi,...,a:s,i/i,...,j/s('2l, 2:2s) = fxi,...,Xsi.^li ■■■■> ^s) + (■^s+l , Z2s). 

(2) 1'xi+yi,...,Xs+ys (■^1) ^s) = (Txi,...,Xs + ^yiv.!/s) (■^1) •"' ^s)- ^ 

Proposition 2.6. (See [6] and [7]) Let B be a unital algebra and let 

C C^o B c^^ Ai A2 A3 c"^* • • • 

be a tower of amalgamated NCPSpaces. Fix j G N. Let {Aj^i, Ej^i) be a 
NCPSpace over B, with a linear functional, -Ej+i = ipQiPi...iPj_^_i : ^j+i C 
and let xi, ...,Xs,yi, ...,ys G {Aj+i,Ej+i) be B-valued random variables (s G N). If 
X = {xi, ...,Xs} and Y = {yi, ...,ys} are free over B, then 




for all {ii, in) e {1, s}", n e N. □ 



In the above proposition, ""'' (...) and k^^^^^^ {■■■) are used as partition-dependent 
i?j+i-cumulants, in the sense of Speicher and Nica (See [6] and [7]). The above re- 
sult can be proved by [6] and [7]. Also, it can be proved by using the result in 
Chapter 1. 

Corollary 2.7. (See [6] and [7]) Let B be a unital algebra and let 

C C'^o B c"^! Ai A2 A3 cy^ ■■■ 

be a tower of amalgamated NCPSpaces. Fix j G N. Let X = {xi,...,Xs} and 
Y = {yi,...,ys} be free subsets of random variables (s G N) in a NCPSpace, 
{Aj+i, Ej+i). Then 

fxiyi,...,Xsysi'^li---i^s)~i'^xi,...,Xs Qs 'f'yi,...,yi,) {^1, Zs), 

where 1% : 0s x 0^ ^ 0^ is a (scalar-valued) boxed convolution in the sense of 
Nica and Speicher. □ 
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Define a conditional expectation 

Ek,j '■ ^fe-l! 

by 

for all k < j in N. Indeed, it is a conditional expectation, for the fixed k < j ; 

(i) Let a e Ak-i- Then 

Ek,j{a) = 'Pk¥>k+i-'Pj-i (^i(«)) = 'Pk-'Pj-iiO') 
since a G Ak-i C ^j-i 

= - = Vkia) = a- 

So, 

Ek,j{a) = a, for all a € A^-i- 

(ii) Let a, a' e and x £ Aj. Then 

£'fe,j(aa;a') = ^k^k+i-'-fj-i {'fjiaxa')) 
= fkVk+i-'Pj-i {a^j{x)a') 
= ^k-'Pj-2 {'Pj-iia'fijix)a')) 
= 'Pk-'Pj-2 {a ■ ^j^ifjix) ■ a') 
= = a ■ fkfk+i-'Pjix) ■ a' = aEk,j{x)a'. 

Thus wc have that 

Ek^ j {axa') — aEk^ j{x)a' , for all a, a' G A^-i and x £ Aj. 

By (i) and (ii), Ek^ j : Aj — * Ak-i is a conditional expectation (or a Ak-i- 
functional on Aj). And hence {Aj, Ek,j) is a NCPSpace over Ak-i- We can observe 
the following R-transform calculus, by Chapter 1 ; Defien, for Afe_i-valued random 
variables xi,...,Xs in {Aj, Ekj) , 

Afii,..'.^2a(2i, -S^s) = X^7i=i Ek^j {xi^ai^Xi^.-Mi^Xi^) Zi^...Zi^ 

il,---,»ne{li---iS} 

and 

Rxi,.!.'',Xs{Zl, Zs) = ^2n=l S ^ {^iij ■■■■> Xi„) Zi-^^.-.Zi^, 

ii,---,ine{l,---,s} 

as the moment series xi, ...,Xs and the R-transform of xi, a;^, respectively, 
in O^^ Here, the {ii, ...,i„)-th cumulants of determined by 
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kn ' ^ ^ (s^ii J • • • J 2; ) = cL ^ . (2; (li2 (S) ■■■ (S> X^^ ) , 

where 0,3, € Ak-i are arbitrary and ceTj = fc^'^) G /'^ {Aj, A^-i) 
is the cumulant multiplicative bimodule map induced by a Afc_i-functional, Ej^^ j. A 
trivial moment series of xi, Xs, denoted by Mxi,'^:.]xs , and a trivial R-transform 
of xi, Xs, denoted by rI^^.'.'!^x* , are defined usually. 

Proposition 2.8. Let B be a unital algebra and let 

C C"^" B C"^! Ai c ...Ak-i Cf" Ak C ... C^i Aj c'^i+i • • • 

be a tower of amalgamated NCPSpaces. Fix k < j in N. Define a conditional 
expectation Ek^j : Aj Ak-i, where Aq = B. Let X = {xi, ...,Xs\ and Y ~ 
{2/1, ys) be two subsets of Ak-i-valued random variables (s gN) in {Aj, Ek,j) ■ If 
X andY are free over Ak-i, in {Aj, Ek,j) , then we have the following R-transform 
calculus ; 

(1) Rxu.'.'}xs,Vi,---,Vs{^li ^2s) = Rxu.'-'.}xb{^1^ •••) ^s) + ^it'--}vsi.^s+l, ■■; 22s)- 

(2) Rl.^_^ly^^ ,i.^_^_y^{zi, Zs) = + Ryi,.'.'^ys^ {zi,---,Zs). 

(3) Rxiyi^}.,XsVs{Zii ■••1 ^s) = (^Rxi,.'..^, ^Akli {^1, Zg), 

where l^At i^x^ xX/i x^a "is a Ak-i-valued boxed convolution on 

Clearly, Ek,k = Vk '■ Ak ^ Ak-i is the Afc_i-functional. 

Definition 2.3. Let B be a unital algebra and let 

C C^o B c'^i Ai A2 A3 ■■■ 

be a tower of amalgamated NCPSpaces. Define an enveloping algebra A^yo and a 
linear functional E^ : Aoc C by 

Eoc{x) = Ej{x), for X & Aj c A^, for all j € N. 

We will say the NCPSpace, {Aoo,Eao) , is the enveloping NCPSpace of the given 
tower. 



By definition, for any x € An and y € Am and for all a, G C, we have that 
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[ax + /3y) = aE^{x) + PE^{y) = aEN{x) + f3EM{y), 

where N, M E N. Then above observation shows that there exits cumulants of 
random variables in (^oo! -^oo) as follows ; 

Definition 2.4. Let B be a unital algebra and let 

C C^o B c'^i Ai A2 A3 .■■ 

be a tower of amalgamated NCPSpaces and {A^o, Eoo) an enveloping NCPSpace 
of the tower. Let xi,...,Xs & (Aoo,-Boo) &e random variables (s S N). Define 
{ii, ...,in)-th cumulants ofx\,...,Xs by 

kn {^in Xi^ ) — ^ (£/oo)^ (s^jj^ , aij^ ) /x(7r, Ifj) , 
neNC{n) 

( E ) 

for all (ii, ...,«„)€ {1, s}", n € N, w/iere A;„ °° (•••) and (iJoo)7r(---) are scalar- 
valued cumulants and partition- dependent moments in the sense of Speicher and 
Nica. 

Suppose that x.y G (^00,-^00) arc random variables and assume that x € Aj 
and y G Ak , for some j < A; G N. Then 

ki^'"\x,y,x) = Yl iE^)-n{x,y,x) n{ir,l3) 

7reAfC(3) 

= E^{xyx) - E^{x)E^{yx) - E^{xy)E^{x) 

-^00 {xE^{y)x) + Eoo{x)Eoc,{y)Eoo{x) 
= E^{xyx) - Eoo{x)E^{yx) - Eoc,{xy)Eoo{x) 

-Eoo (x^) E^{y) + Eoo{x)Eoo{y)E^{x) 
= Ek{xyx) - Ej{x)Ek{yx) ~ Ek{xy)Ej{x) 

-Ejix^)Ek{y) + E,{x)Ek{y)E,ix). 

Since j < k and Aj c^i-'' Ak, a random variable in {Aoo,Eao), 
xyx G Ak, xy G Ak and yx G Ak- 

So, we can get the last equality, by definition of Eoo- 

Proposition 2.9. (See Chapter 1 or see [6] and [7]) Let B be a unital algebra and 
let 
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be a tower of amalgamated N CP Spaces and {Aoo,Eoo), an enveloping NCPSpace 
of this tower. Let X = {xi,...,Xs} and Y = he two free subsets of 

(Aoo,-Eoo), then 

(2.9.1) T"xi,..?,a;syi,...,ys i^Zi , Z2s) — '"xi,..?,Xa (-21, Zg) + Tyi^.}^y, (•^s+l , Z2s) ■ 

(2.9.2) r[._^_y_y_^^ ^^^_^_y^{zi, ...,Zs) = ^rii,...-',xa + ^idv^ys) {zi,...,Zs). 

(2.9.3) rxiy-i^,...,xsys{zi, Za) = {rxi^,}^x, ''^i,..?,^^^ {zi, Zg), 

where 0: 6s x 9^ — »• Og is the (scalar-valued) boxed convolution defined by Nica 
and Speicher. □ 

Now, we will observe the freeness on (Aoo, E^), more in detail. 

Theorem 2.10. Let B be a unital algebra and let 

C C^o B cy^ Ai Cf^ A2 A3 c"^* ■■■ 

be a tower of amalgamated NCPSpaces and (^001 -E'oo); o,n enveloping NCPSpace. 
Let X = {xi,...,Xs} C Llj^iAj and Y = {yi,...,ys} C ^j^^+i^j subsets of 
operators (s G N), where k < I, in N. If X and Y are free in {Ai, Ei), then (2.9.1), 
(2.9.2) and (2.9.3) holds true in {A^,E^) . More precisely, 

(1) 'rxi,.}.,Xs,yi,...,ys{^li ■■■■> ^2s) = ''ii ..^..x, (^1 ; •••) Zg) + TyiJ..,ysi.^s+l^ ■22s)- 

/«) (Boo) / \ — ( i^k) , {El) \ ( \ 

(4/ '''xi+yi,...,Xa+y3 V^l' ^sj — I T"xi,...,Xs + fyi,...,ys j \Zl, Zg). 

(3) T'ij^yi^...,xsys (•21, 2^s) = ^''xi,.^.,Xa 0C fyij-.,y3^ {zi, Zg). 



Proof. We can regards X and Y in (Aoo,-Eoo) as subsets of random variables in 
{Ai, El). We have that 

(-Eoo) / ^ _ (El) / N 

fxi,...,Xa,yi,...,y, [Zi, Z2g) — rxi,...,Xa,yi...,y, \Zl, Z2g) 

by definition of Eoo 

(El ) / \ , (El ) / \ 

= r'xi,...,xAZl, Zg) + r'y,/..^y^{Zg+l, Z2sj 

by the freeness of X and Y, in {Ai,Ei) 



= ri^^}.,x,{zi, Zg) + rif!:}..,y,{zg+i, Z2g) 
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since Ei = (^o¥'i-"¥'/sV'fe+i-"¥'; and X c {Ak,Ek). Similarly, we have that 



'"xi+j/i,...,X5+3/s (•^Ij ■■■1 ^s) — '''xi+yi,...,Xs+y, (^1' •■•) ^s) 

' a:i,...,Xs ' ' yi,...,ys j K^li •••j ) 



^JEk) . (El) \r X 

I xi,...,Xs T lyi,...,ys I 1,^15 ■■■i^s)- 



Now, fix (ii, z„) G {1, s}", n e N. Notice that xiyi, a^sy^ can be regarded 
as random variables in [Ai^Ei). Consider the (ii, in)-th coefficient of rxi^i,...,xsys 



COefi^^,,,^i^ (^rxiyi],,,^XBys^ — COefi^^,,,^i^ {rx-iyi,...,Xaya^ 

by the fact that XjUj G Ai, for all j and by the definition of £'00 

~ {Xi^, ...,Xi^) kxr(-rr) iUin ■■■■>yin) 

■KeNC(n) 

by the freeness of X and Y in {Ai,Ei), in the sense of Speicher and Nica (See 
Chapter 1 or see [6] and [7]) 



since xi, ...,Xs G U^^^Aj and Ei = Ekipi.+i---^i- 



Corollary 2.11. Let B be a unital algebra and suppose that we have a tower of 

amalgamated NCPSpaces, C C^" B C^^ Ai C'^^ A2 C^^ .... let X andY be subsets 
in Ak. If X and Y are free in {Ak,Ek), then X and Y are free in (AnjEn), for 
all N>k. n 



Remark 2.1. Suppose that we choose Xi, Xg G Uj^i_^-^Aj and yi, ys G Uj^iAj, 
where k > I, in this time. Then we can get the same results as above, but it means 
different. 



Remeirk 2.2. // we take a sufficiently large A?' G N, and if we replace 00 to such 
N, then we can get the same results as in the previous theorem. 



More generally, we have that ; 
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Theorem 2.12. Let B be a unital algebra and let 

C C*'" B C*'! Ai C.f^ A2 A3 c"^* • • • 

be a tower of amalgamated NCPSpaces. Fix a sufficiently large N € N and 
fix k < N. Consider the conditional expectation (or a Ak-i -functional), Ek,N ■ 
An Ak-i. Let X = {xi,...,a:,} C U^^A^ and Y = {yi, C U^^^+^Aj- 
be two subsets, in {An, E]^^n) of Ak-i-valued random variables (s G N), where 
k < m < n < N. If X and Y are free over Ak-i, in {AN,Ek,N), then 

(1) Rxu.'."xs,Vi,...,y,{Zl, Z2s) = Rxi^.'.'!',Xs{Zl, Zs) + B!^i^.'."1,{Zs+1, -22s)- 

(2) R^^_^^y^^^^^^^^^y^{zi, Zs) = (jixi,.'..2s + ■■■,!/«) {Zl, Zs). 

(3) -Rxij/i,..''.,X5ys(.2;i) •••) 2:5) = ^-Rxi,.'..,is 0Aji_i -Ryi,.'.,l/s ^ {zi, Zg). 

Proof. We can regard X and Y are subsets of ^jv and consider them as ^fc_i-valued 
random variables in [An, Ei-^n). Since X and Y are free over Ak-i, we have that 

-fl-xi ,...,Xs,yi,---,y, K'^li •••) -22s ) — ^x\,...,Xg Zs j -r -flyj ,...,y, V-^s+l ' ^2s^ 

Observe that 

^^^fi\,...,in i^x\,.\.^Xs^ — kji ' {Xi^, ...,Xi^) 

= c^EkN (^'1 ®'^^2Xi2 <8 ••• <8) ai„Xi^) 

TTeNC{n) 

= E £^fc,m(7i")(a;ji Ofli^ajj^ 0...(g)aj„a;j„) /i(7r, 1„), 

7reAfC(n) 

since Ek,N = Ek,mVm+i"-Vn-"VN and Xi^'s are in Am, where ai^,...,ai^ e ^fe-i 
are arbitrary. Thus 

coe/,„...,,„ (ijif,':;:]^) = coe/i„...,,„ (i?if,':;-2,) . 

Similarly, 

coefi^^,,,^i^ ^-^yiv.ws^ ~ coe/ij^...ji^ ^-^yi,- -.!/s^ • 
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So, (1) is proved. By using the same idea, we can easily prove (2). 
Now, fix (ii,...,i„) G {!,... ,s}", n £ N. Then 

= CeI ,^ {xtiVii ® ai2Xi2yi2 ® ••• ® aipXi^Vip) 

= J2 Ek,N{T^) {xi^Vh ® ai2Xi2yi2 ® ••• ® 0.ipXij,yip) /"(tT, Ip) 

TreNC'(p) 

TTeNC{p) 

by the Afe_i-freeness of X and Y in {An, Ek,N) 



Therefore, 



T>{Ek,N) _ T}(Ek,m.) m pi^k.n) 

^xiyi,...,Xsy, — J^xi,...,Xs UB J^yi,---,ys- 



Fix k € N. We can define an enveloping NCPSpace over A^-i, {A^o, E^^oo), 
where A^o is an enveloping algebra of the tower and Ek oo : ^oo Ak-i is defined 
by 

Ek, oo{x) '''= Ek,j{x), for all x e Aj, 

where j > k. 

Corollary 2.13. Let B be a unital algebra and let 

C C^o B C'^i Ai A2 ^3 ... 

be a tower of amalgamated NCPSpaces. Let X and Y be a two subsets of Ak ■ If 
X and Y are free over Ak-i, in {Ak,Ek,k), then X and Y are free over A^-i, in 
{An, Ek,N), for all N > k, inN. D 



Remark 2.3. Let {Aoc, Ek, 00) be an enveloping NCPSpaee over Ak-i- Then the 
same results with the previous theorem holds true when we replace N by 00. 
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2.2. Distributions On a Tower of Algebras. 



In this section, we will consider (scalar-valued or operator-valued) distributions 
when the tower of amalgamated NCPSpaces is given. Throughout this section, we 
let 

C C*'o B c.f^ Ai C^^ A2 A3 c"^* ... 

be a tower of amalgamated NCPSpaces. Also, like in the previous section, we 
will use the following notations ; 

En = VqVi---^n '■ — > C, a linear functional. 

For k < N, 

Ek,N = tpkfk+i—VN '■ Ak-i, a ^fc_i-functional 

with 

Ei^N '■ An B, a. B-functional. 

In the previous section, we considered the R-transform calculus of En and Ek. n- 
Also, when we consider the enveloping algebra of the given tower, Aoc, we could 
define a linear functional and Afc_i-functional, E^o ■ A^o — > C and Ek^ao '■ ^00 
Ak~i, respectively. Also, R-transform calculus related to them are given in the 
previous section. Define 

^s~W- *^[^i> ■■■,Xs\ ^ C : a is a. C- valued distribution} 

and 

Ea,_, = {af^"-!) : Ak-i[Xi, A,] ^ Ak-i : a^^"--'^ is a Afc_i-functional}, 

for the fixed s € N, where Xi,...,Xs are noncommutative indeterminents. If 
CT G then there exists an arbitrary NCPSpace {A,ip) and random variables 
xx,...,Xs £ {A, if) such that 

a (P) = <fi{P{xi,...,Xs)) e C, for all P e C[Xi, A,]. 

And if cr^'^''"i^ S then there exsits an arbitrary NCPSpace over Ak-i, 

{D, tp), and Afc_i-valued random variables yi, yg e {D, ip) such that 

= G Ak-i, for all Q G Afc_i[Ai, A«]. 

In particular, we denote such a and a'--"^''-^^ by 

<^xi,...,xse{A,<p) and o-yi,^.'J^e(£,,v;)' 
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respectively. Notice that, for the given a and ct^"^*^^^ x\,...^Xs £ </5) and 
2/1, ■■■iVs € {D,tp) are Not uniquely determined. So, we can regard them as equiv- 
alence class under the identically-distributedness. i.e 

— '^xi,...,xseiA,ip) ~ (^x{,...,x'^e{A' ,ip') 
and 

^ ^ (Q(yi, ...,2/,)) = V' (g(yi, , Vg e 

Recall the definitions ; 

the free additive convolution ffl : x ^ 

the free multiplicative convolution M : J^s ^ J2s ~^ X^s 

and 

the oprator-valued free additive convolution EH^^ j : x ^ • 

(See [8] for ffl and IE. Sec [1] for ffl^^_ J Now, we will define the oprerator-valued 
free multiplicative convolution of operator- valued distributions 

^Ak-i ■■ Y^Ak-i ^ ^Ak-i ~^ 

by 

Vl, — ,Vse{D,lll) Ak-l pi,...,p^e{D',tlj') yipi,...,y^p^e(^D*Ai^_^D', Ip*^!')' 

where (£> *Afe_i D', V' * V') is the free product of {D,tjj) and {D',tp'), with amal- 
gamation over 

Rest of this section, we will consider the B-valued distributions depending on 
our tower. 



Proposition 2.14. Let a ej^s ""'^ a^"^"-'^ G T^A^-i ■ ^^^n 

(1) <''xi,...,x,e(Aoo,Boo) ^ '^yi,---,y,eiA„o,Eoo) = <^Xl+yl,...,Xs+y,e{A^,E„o)■ 
/(,) AA^-i) m n-'^^'=-i^ =0-'^'*'=-^^ 

('^/ "xi,...,X^e(Aoo,Bfe,oo) "^fc-l "yi,...,!/ae(Aoo,£;fc,oo) Xi+yi,...,X3+!/ae(Aoo,Bfe,oo)" 

(3) (Txi,...,x,e{Aj,Ej) ffl 0-3/i,...,j/,e(Afe,£fc) = if j < k. 

("f/ "xi,...,Xae(Aj,Bfc,i) ™A|=-i "j/i,...,2/3e(A3,Bfc,j) " xi+yi,...,Xs+yse{Aj,Ekj)' 

if K <i < j. □ 
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Proposition 2.15. Let a eJ2s ^"'^ ct^^'^-i) G J^a^-i ■ '^^'^'^ 

(i) '^xi,...,Xse{Aoo,Eoo) ^ ^yi,-,y,e{Aoo,Eco) = '^xiyi,...,Xsyse{Aoo,Eoo)- 

" xi,...,x,e{A^,Ek,oo) ^k-i " yi,...,y,e(A^,Ek,oo) xiyi,...,x,y,eiA^,Ek,^)- 
(3) CTxu-,Xse{Ai,Ei) ^ (yy^,...,y,e(Aj,Ej) = x^y^,...,Xsyse{Aj,Ej), if i < 3- 

"xi,...,x,6(Ai,Bfe,i) "3/i,...,j/,6(Aj,Efc,^) "cci3/i,...,x,j/,e(A,-, iJfc,,) ' 

if k <i < j. 



Proof. Suppose that X = and Y = {j/i,...,ys} are two subsets of 

(Aoo,i?oo) which are free. Then, there exists i,j G N such that 

X c Uj!ii^/ C Ai and F C Uf^iA; C ^j-. 

Assume that m < n. Then {a;ij/i, ...,a;sys} C {Aj,Ej). By freeness, 

0'xi,...,Xae(Ai,Bi) ^ <^yi,...,yse(Aj,Ej) = (^xiyi,...,Xsyse{Aj ,Ej)- 

So, (1) and (3) are proved. Similarly, {xiyi, ...,Xsy8} C {Aj,Ekj), ii k < i < j. 
So, 



a;i,...,Xse(Ai,Bfc,i) ^fc-i y\,—,yse(Aj,Ek,j) xiyi,...,Xsyse{Aj ,Ek,j)' 

Therefore, we can prove (2) and (4). | 

Now, we will observe the following concept introduced in [18], so-called "com- 
patibility". The R-transform theory, under this compatibility is studied in [12]. 

Definition 2.5. Let B be a unital algebra and A, an algebra over B. Let {A, ip) be a 
NCPSpace and let {A, E) be a NCPSpace over B, with its B-functional E : A^ B. 
We say that {A, ip) and {A, E) are compatible if 

(f{x) = (fi {E{x)) , for all x & A. 

As we can see in [12], even under the compatibility, to compute scalar- valued 

R-transforms from the operator-valued R-transforms or operator-valued moment 
series is complicated. But [12] provides the method. 
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Theorem 2.16. Let B be a unital algebra and let 

C C^o B C*'! Ai C*'2 A2 C.f^ VI3 C.f'i •■■ 

be a tower of amalgamated NCPSpaces. Then, for any fixed k {A^, -Bfc.iv) 
and {An, En) are compatible. In particular, if we have the enveloping algebra of 
the tower, A^o, then (^ooi -Efe.oo) and {Aao,Eao) are compatible, for all k. 

Proof. Fix N €N. By definition, we have that 

En{x) = (pQipi...(pN{x) 

= Ek-1 (£'fc,jv(x)) 

and 

En {Ek,N{x)) = {ipofi---'PN) {'Pk---fN{x)) 

= VoVi-'fiNix) = Ek-1 {Ek,Nix)) , 

for all X G An- Therefore, for all x in An, 

E^{x) = En {Ek,N{x)) . 



The above theorem shows that our tower of amalgamated NCPSpaces has nice 
compatible properties. 



2.3. Compressed R-transform Theory For the Chain of Projections. 



In this section, we will observe a tower of amalgamated NCPSpaces, generated 
by a chain of projections (pri)?^=i a NCPSpace {A, ip). The -B-valued R-transform 
theory of compressed algebras (i.e, B c pAp, where p G A is a projection) and B- 
valued freeness of them are studied in [10]. Also, by [35], there is the compatibility 
of {Ak C A, Ek+1,00) and {A, E^ o Ek+i^ao)- It is possible that there arc only 
finitely many projections in the given chain (for example, an algebra A can be a 
finite dimensional algebra over a finite dimensional algebra B). 

Definition 2.6. Let A be a unital algebra. A nonzero element p € A \ {Oa} is 
called a projection (or an idempotent element) if p satisfies 



p2 =p. 
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By Apro, we will denote a subset of all projections in an algebra, A. It is said 
that (pn)^i C Apro is a chain of projections if 

C C piApi c P2AP2 C psApa c • • • 

is a tower of compressed subalgebras of A satisfying the property that PjApj are 
subalgebras of pj+iApj+i, for all j G N. For the convinience of using notation, 
we will denote maximal projection in a chain of projections {pn)^=i, by poo- If the 
given chain (pn)^i is a finite sequence, then Poo = Pn, for some N gN. 

Lemma 2.17. Let A be a unital algebra and let p G Apro- Then px = xp, for all 
X e pAp. 

Proof. Let x € pAp. Then there exists an element a £ A such that x = pap. Then 

px = p{pap) = p^ap = pap = x 

xp = {pap)p = pap^ = pap = x. 

Lemma 2.18. Let A be a unital algebra and letp,q G Apro satisfying that pAp is 
a subalgebra of qAq. Then pq = qp = p. 



Proof. By assumption, pAp c qAq. Let x G pAp. Then, by the previous lemma, 

xq = qx. 

Since p G pAp, we can get that 

pq = qp. 

Now, observe that 

pq = p^q = p {p^q) = p {p{pq)) = p {pqp) = p 
since pAp c qAq. | 



and 
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Corollary 2.19. Let B he a unital algebra and A, an algebra over B. Let (pn)i^Li C 
Apro be a chain of projections. Then, for any fixed j < N & {pjPj+i---PN) A {pjPj+i- 
PjApj. 



Proof. By the previous lemmas, we have that 



{PjPj+l-PN) A {pjPj+i...pN) = PjPj + i...pNApN.-.Pj+lPj 

= PjPj+1- {pnApn) -Pj+iPj 

= Pj... (pN-lApN-l) ...Pj 

= PjApj. 



Definition 2.7. Let B be a unital algebra and A, an algebra over B. Let {A,ip) 
be a NCPSpace over B, with its B-functional ip : A ^ B. Suppose that we have a 
chain of projections {pk)'^^i C Apro satisfying 

C C"^" -B c piApi c P2AP2 C .... C PooApoo C A. 

and 

^{Pk) afe • Is e C • Is, for all fc e N. 

(It is possible that this sequence of projections is a finite sequence, i.e, Poo = 
Pn, for some N) We will call such chains of projections, scalar-valued chains of 
projections. 

Suppose that we have a scalar-valued chain of projections {pkl^Li C Apro- We 
can naturally define conditional expectations 

<^j+i : Pj+i^Pj+i PjApj 

by 

'Pj+i (Pj+iaPj+i) =^ Pj^' 
for all a £ A, j gN. Notice that, by the previous lemmas, 

"Pj+i (Pj+iaPj+i) = Pj {pj+iapj+i)pj 
= PjPj+iapj+iPj 

= Pjapj, 

for all a € A. i.e, 

V>j+i{x) = Pjxpj, for all x € pj+iApj+i, 
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for all j G N. 

Hence we can have a tower of amalgamated NCP Spaces induced by a scalar- 
valued chain of projections, {pk)kLi C Apro, 

C C"^" B c"^! PiApi c*'2 P2AP2 

where a linear functional (fQ-.B^Cis arbitrary given. 

Let i? be a unital algebra and {A, ip), a NCPSpace over B. Suppose that we have 
a tower of amalgamated NCP Spaces induced by a scalar- valued chain of projections 
{Pk)^i C Apro and the given linear functional if^ : B — > C. If we define a map 

Ej+i --Pj+iApj+i C 

by 

Ej+i{x) = ^ ■ ipoipi...ipj+i{x), for all x e Aj+i, 

then it is a well-defined linear functional. Recall that Qfj+i is the scalar-part of 
viPj+i)- 

Now, we will introduce compressed R-transform theory in [10] ; Let i? be a 
unital algebra and {A, tp), a NCPSpace over B, with its B-functional (p : A ^ B. 
Let p G Apro such that 

B c pAp c A 

and 

^(p) '''^'^ bo G CAiB) n Binv 

Note that if we have a scalar-valued chain of projections {pk)^i C Apro, then 
every pj satisfies 

(p{pj) = aj ■ 1b G Ca{B) n Biny, 
for all j G N and aj G C. 

We can define the conditional expectation 

''o ^ ■ f \pAp- pAp B. 

So, we can define a NCPSpace over B, [pAp, (pp^ and we call it a compressed 
NCPSpace by p e Apro- In [10], wc observed the amalgamated R-transform theory 
on this compressed NCPSpace over B. 

Definition 2.8. Let B be a unital algebra and b & B. Let {A, tp) be a NCPSpace over 
B. Define a symmetric cumulants of B -valued random variables x\,...,Xs G {A,Lp) 
by 
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j^symmib) ^^^^^ ...,Xi^) = C^") {Xi^ (g) bXi^ ... 'S> bXiJ) , 

for all («i,...,i„) G {l,...,s}", n G N. Then we can define the symmetric R- 
transform of xi, ...,Xs, by b € B, by 

T3symm(b), x y^oo ,symm(b) r \ 

ni...i»ne{i, •••>«} 

as a B-formal series in <d%. 



Theorem 2.20. (See Theorem 2.1 in [10]) Let (A, p € Apro and bo & B be 
given as before. Let xi,...,Xs € {A,Lp) be B-valued random variables (s G and 
assume that {p} and {xi, ...,Xs} are free over B. Then 



Proof Fix n G N and (ii, G {1, ...,s}". Then 

coefi^^,,,^i^ (^Rpxil^..lpx,p^ = c>^] {px^^p ® px^^p ® ... <^pxi^p) 

= E '?p{'^){pXnP® ...®pXi^p) ll{-K,ln) 
weNC{n) 

= E ''(i'V (7r)(pa;iiP0...(g)pa;i„p)/i(7r, 1„) 

T!-eNC(n) 

(2.20.1) 

= E ^'o^ ^ W(p0a;iiP(g)a;i2p(8)... 0a;i„p)/x(7r, l„+i), 

TTeNC'(n+l) 

whore A^C"(n + 1) = {6* £ A^C(ri + 1) : (1) G 9} which is latticc-isomorphic to 
NC{n). By the i?-freencss of {p} and {xi, Xg}, we have that (2.20.1) is equivalent 
to (2.20.2) (For tliis squivalence, see the proof of Theorem 2.1 in [10]) ; 

(2.20.2) 

J2 6q ^ • c^(7r U Krin)) (Is (gip (g) a;,! 0^ (g) ... (g) Xi^ (gp) 

TreNC'{n+l) 

= E bg^ -(-^{Tr) {1b ® Xi^ 1^ ... ® Xi^) ■ c^^{Kr{Tr)) (j> ® ... ^p) 

since p is B-central, in the sense of [9] 

E 6o'-cJ(7r)(lB®Xi, ®...^XiJ6l^'-(")l 

neNC'{n+l) 
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6q • c<^(7r) (Is ig) (?) ... (gi Xi^) 

7veNC'{n+l) 



(n+l)-k| 

'o 



since |7r| + |ii:r(7r)| = n+1, for all tt e NC{n). (Notice that ArC"(n+l) = NC{n).) 
Therefore, 



for all b G B. i.e, p G (^4, (p) is S-central, in the sense of [9]. 

Let iPk)kLi C Apro be a scalar-valued chain of projections in {A, ip). Then each 
Pj G Apro satisfies (p{pj) = aj ■ 1b, for some aj € C. Therefore, each <f{pj) G 
CA,{Aj-i) n {Aj_i),nv, for all j G N, with Aq = B. 

Corollary 2.21. Let B he a unital algebra and {A,ip), a NCPSpace over B. Let 
x\,...,Xs G {A.ip) he B-valued random variables (s G Suppose that we have 

p G Apro such that B c pAp c A and ip{p) Jjq g Ca{B) n Bmv If {p} and 

{xi, Xs} are free over B, then 

kl^"^ ipxi^p, ...,pxi^p) := {pXi^p<S>bi^{pXi^p) (g) ... (g) h^ipxi^p)) 
= {xi^ (g) bobi^Xi^ ig ... boh^Xi^), 

for all {ii,...,in) G {!,... ,s}", n G N, w/iere bi^,...,bi^ G B are arbitrary. 



Proof. The proof is similar to the proof of the previous theorem. Fix n G N and 
(ii,...,i„) G {l,...,s}". Observe that 

fci'^''^ (pa;iiP, ...,pxi^p) = (pa;iiP ig h^pxi^p (g ... (g ph^Xi^p) 
where bi^,...,bi^ £ B are arbitrary. Since pbi^p = bi^, we have that 



(pS-ij^p, ...yPXi^p) — k^"^ ^ ^ ^ {Xi- 



Remark that p G Apro commutes with B. Since b = pbp, we have that 



pb = p{pbp) = p^bp = pbp = pbp^ = {php)p = bp, 



Phj = P (pbi^p) = p'^hjP = pbyP = pbi^p^ = (pbi^p)p = bi^p, 



for all j = 1, n. So, we have that 
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k'if"^ {pxi^p,...,pxi^p) = c^"^ {pxi^p 'Si px'i^p .: 'Si px^^p) , 

where x^^ = hi-x^^, for all j = 1, ...,n. Similar to the proof of the previous 
theorem, we have that 

c^"^ {pxi^p S) px'i^P ... (g) px'i^p) = c^"^ {xi^ 6oa;-2 ... <8> box[^) , 
where bo = ip{p) e Ca{B) (1 Bmv Therefore, 

kl^"^ [xi^ Xi„) = c^"^ [xi^ box'^^ ... box'^J . 



By the previous corollary, we can get the following theorem ; 

Theorem 2.22. (Also see Theorem 2.5 and Corollary 2.7 in [10]) Let B he a 
unital algebra and let {A, (p) be a NCPSpace over B. Let p G Apj-g satisfy (p{p) e 
CA{B)r\Binv and suppose that X = {xi, ...,Xs} andY = {yi, ...,ys} are two subsets 
of B -valued random variables in {A, if). Assume that {p} and X \JY are free over 
B, in {A, f ). If X and Y are free over B, in {A, then pXp and pYp are free 
over B, in {pAp, f^) . 



Proof. Suppose that {p} and XVJY are free over B. Then, by the previous corollary, 
we can get that 

k'^n"^ {ail , aij = 4"^ {pai^p bi^pai^p ... h^pai^p) 

= c(^l [pai^p pbi^ai^p ... pbi^ai^p) 

(2.22.1) 

= c^"'' (flii boih^ai^) ... 6o(&i„ai„)) 

where bo = ^{p) € Ca{B) fl Binv, bi^,...,bi^ G B are arbitrary and where 
, aj„ e X U Y. We can rewrite (2.22.1) as 

(2.22.2) 4"^ (oi, b'i^a^^ ... 6^^a^„) , 

where b'^^, b'^^ £ B are arbitrary such that b[, = bobi^ , for all j = 1, n. Since 
X and Y are free over B, in {A,(f), we have that 
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(2.22.2) = < 



^ kl^"^ ipxi^p,...,pxi^p) or 



= < 



or 



Therefore, pXp and pYp are also free over B, in [pAp, (f^) 



Corollary 2.23. Let B be a unital algebra and {A,(p), a NCPSpace over B. Let 
X = {xi, ...^Xs} and Y = {yi,...,?/^} be subsets of B -valued random variables in 
{A,^p). Assume that X and Y are free over B, in {A,(p). Now, let p e Ap^o such 
that {p} and XUY are free over B, in {A, (p). By bo G Ca(S) n-Bt„„, we will denote 
ip{p) e CAiB)nBir,v. Then 



Y^n=l E c:f\x^^ ® bQb^^Xi^ 

»lv>»ne{lv>s} 



' boh^Xi^) Zi^...Zi^, 



where bi^,...,bi^ € B are arbitrary. 

(2) Rpxip,...,px^p,pyip,...,pyspizi, 2^28 



Rpx'ip,...,pxsp{zi, ■■■iZs) + Rpyip,...,pysp{Zs+lj ■■■iZ2s)- 



(3) Rpxip-\-pyip,...^pxsP+pyipi^^^ ■"' '^^) 

— \J^pxip,...,pxsP T ■'^pyip,---,pysP I k^l) •••) ■^s)- 



(4) ^(pxip){pyip),...{px,p){pysp)^^^^ '"' ^^"^ 

□b R 

= (^Rpxip,...,pxsP^B Ryi}---,ys^ {Zly---y Zs) 



-'*'pa:ip,...,pxsp I— IB ^^pyip,...^pysP j •••t'^sj 



Proof. (1), (2) and (3) are proved in the previous theorems and corollary. Since 
pXp and pYp are free over B, in [pAp, (p^j , we have that 



Xpxip){pyip),...,{pxsp){pysp) ~ ^xip,...,pxsP US ^yip,-,pysP- 
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Also, we can get the following result ; now, fix n e N and {ii, i„) e {1, s}". 



since {pxi^p){pyi^p) = pxi^p'^y^p = pxi^pyi^p = px^y^p, for all j = l,...,n, 
where hi^,...,bi^ € B are arbitrary 

= 4"^ {xnyii ® bobi^Xi^Vi^ ... (g) boh^Xi^yiJ 
= 4"^ {xnyi^ (8> b'i^Xi^yi^ (g) ... (g> 6-„a;i„j/i„) 

where 6^^ = fco'^jj € -B, for all j = 1, n 

= E c^{TTUKr{-jT)){xi^^yi^^b[^Xi^^yi^^...^bi^Xi„^yi^) 

TTeNC(n) 

by the freeness of {xi, ...,a:s} and {yi, ...,ys}- So, 

I 

INotationsI Let _B be a unital algebra and {A, ip), a NCPSpace over 
B. Now consider the following tower of amalgamated NCPSpaces, 



induced by a scalar- valued chain of projections in A, {pk)'^i C 
Apro, satisfying ip{pk) = afe • Is G C'a{B) Ci Binv, Vfc, and the given 
linear functional (p^ : B ^ C As we defined before, 

fj+iiPj+iO'Pj+i) = Pjapj, for each j G N, for all a ^ A. 

As in Section 2.1, we can apply the R-transform theory on a tower of amal- 
gamated NCPSpaces to this compressed amalgamated NCPSpaces induced by a 
scalar- valued chain of projections {pk)kLi C Apro and the given linear functional 



Theorem 2.24. Let B be a unital algebra and {A,ip), a NCPSpace over B. Let 

{pk)kLi C Apro be a scalar-valued chain of projections. Consider the tower of 
amalgamated NCPSpaces induced by the chain of projections {pk)kLi '^"'^ linear 
functional ip^ : B ^ C Then, for any j S N, if two subsets of B-valued random 




C C'^o B C*'! PlApi P2AP2 . . 
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variables X and Y are free over B, in {A, ip), and if Poo and X \JY are free over 
B, in {A,ip), then pjXpj and pjYpj are free over B, in (^pjApj, ^ ■ Eij^ . □ 

Notice that 

_ 1 _ 1 _ 1 _ 1 _ 1 

oil Ei,j{pi...pj) Ei,j{pi) ipi...<pj{pi) ipi{pi) <p{pi)' 

As an application of of the above theorem, we can get the foUowing R-transform 
calculus ; 

Theorem 2.25. Let B be a unital algebra and (A,(f), a NCPSpace over B. Let 
(Pk)'kLi C Apro be a scalar-valued chain of projections. Suppose that we have a 
tower of amalgamated NCPSpaces induced by the chain of projections and a linear 
functional i/Jq : i? — > C. Let X = {xi, Xs} and Y = {yi, ...,ys} be two B-free 
subsets in {A,(p). If Poo and X UY are free over B, in {A,(p), then, for any fixed 
j e N, we have that 

(1) RpjXiPj,...,PjXsPj,pjyipj,...,pjyePj (-21) Z2s) 

— ^pjXipj,...,pjXsPj Zs) + npjypj,...,pjy,pj \Zs+li Z2s)- 

(2) RpjXiPj+pjViPj ,...,pjXgPj+pjysPji^'^^ ■■■■>Z2s) 

— iipjXiPj,...,pjXsPj \Zl, Zs) -r ^Pjypj,...,PjysPj {Zlj ■■■■> Zs)- 



(^) ^{pjxip-){p-iyipj),...,{piXsPi)(pjysPj)^^'^' •••'^«) 

^ RpjX-i_pj,...,pjXsP:j Us Rpjyipj,...,pjy,pj 



npjX-LPj,...,PjXsPo L-IB -fli 



{Zl, Zs). 



□ 



By using the same idea of the previous two theorems, we have that ; 



Theorem 2.26. Let B be a unital algebra and {A,Lp), a NCPSpace over B. Let 
{Pk)kLi C Apro be a scalar-valued chain of projections. Consider the tower of 
amalgamated NCPSpaces induced by the chain of projections {pk)kLi ('■^d, a linear 
functional (p^ : B ^ C Then, for any k < j gN, if two subsets of B -valued random 
variables X andY are free over Ak, in {A,ip), then pjXpj andpjYpj are free over 

B, in (pjApj, ^ • Ek+i,j) . □ 
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Theorem 2.27. Let B he a unital algebra and (A,(p), a NCPSpace over B. Let 
(Pfc)fe^i C Apro he a scalar-valued chain of projections. Suppose that we have a 
tower of amalgamated NCPSpaces induced by the chain of projections and a linear 
functional (/?q : B — *• C. Let X = {xi,...,Xs} and Y = {yx,...,ys} he two A^-free 
subsets in {A, (p). Then, for any fixed k < j € N, we have that 

(1) Rpjxtpj,-..,PjX,pj,pjyipj,...,pjy,pj {Zl, Z^s) 

— np^xiPj,...,pjXsPj KZ'li •••) Z,s) -|- ^jVPj,...,Pjy,Pj •••) ^2s)- 



(9) rr, 7o ) 

^^p^x-i_Pj+PjViPj, --,PjXsPj-\-pjy^Pj\^^i •••)^2s; 



j V^l) •••) 



'PjXlPj,...,PjXsPj \ 



(.1,..., 



■Piypj,---,PjysPj \ 



(3)R, 



(Pjxipj ) (pj yipj),..., (pj XsPj ) (PjysPj ) 



npjXipj,...,PjXsPj 
^PjXlPj,...,PjXsPj 



■PiyiPj^-'-^PiysPi 



□b R\ 



iv) ■■ t 
■yi , ■ ■ 



□ 



{Zl, ...,Zs) 
{Zl, ...,Zs). 



3. Compatibility of towers of Amalgamated Noncommutative 

Probability Spaces 



Throughout this chapter, we will consider the tower of amalgamated NCPSpaces, 

C c'^o B c'^i A-^ A2 C^^ A3 c • • 
In this chapter, we will consider the compatibility of amalgamated NCPSpaces. 



Definition 3.1. Let {A, ip) he a NCPSpace over B and let {A, ip^) be a NCPSpace 
(over Cj. We say that (A, and (A, <Pq) are compatible if 

iPo{x) = ifQ {ip{x)) , for all x € A. 

Now let D he a unital suhalgebra of A such that Id = 1a(= 1b) and assume 
that there is a conditional expectation tp' : A ^ D and hence we have a NCPSpace 
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over D, {A,ip'). (i.e, B (Z D C A.) We say that two amalgamated NCPSpaces 
{A, (f' : A^ D) and {A, (p : A ^ B) are compatible if 

(p{x) = (fi {ip'{x)) , for all X £ A. 



Proposition 3.1. Let B be a unital algebra and let 

C C"^" B c"^! Ax c*'2 A2 c*'3 . . . 

be a tower of amalgamated NCPSpaces. Then, for any fixed j G N, (^j+i, 
and i^Aj+i,ipjipj_^-^) are compatible. 

Proof. For any x G Aj+i, we have that 

since ip'^j+i{x) = i^^+i {<Pj+i{x)) = Vj+iix). | 
In general, we can get the following facts ; 

Theorem 3.2. Let B be a unital algebra and let 

C C^o B C*'! Ai C*'2 A2 Cf^ yls c.f'i •■■ 

be a tower of amalgamated NCPSpaces. For any fixed k < i < j inN, {Aj, Ei^j) 
and {Aj, Ekj) are compatible. 

Proof. For any x G Aj, we have that 

= i?fe,,_i(K,-,(,x)) = i?fe,,_i(ii;2^.(x)) 

since Eij : Aj Ai-i is a conditional expectation 
= Ek,i-iEij iEij{x)) = Ek,j {Eij{x)) . 
Therefore, 

Ek,j{x) = Ekj {Eij{x)) e Ak-i, for all x G Aj. 
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Theorem 3.3. Let B be a unital algebra and suppose that we have a tower of 
amalgamated NCPSpaces as before. Then, for any fixed k < j in N, {Aj, Ej) and 
{Aj, Ekj) are compatible. 

Proof. For any x G Aj, we have that 



The above two theorems shows us that we can freely use the compatibihty on 
the tower. 

Lemma 3.4. (See [18] and [12]) Let B be a unital algebra and A, an algebra over 

B. Suppose a NCPSpace (A, i/Jq) and a NCPSpace over B, (A, (p) are compatible. 
Let xi, Xs & Abe operators such that {xi, Xg] and B are free in {A, (p^). Then 

{xii,...,XiJ = c(") {xi^ ^hi^Xi.^® bi„ Xi^ ) 

= {<Po{bi2)-V>o{K)) ■ kk^"^ {xi,,...,XiJ ■ 1b, 

in B, where ki^°\...) is the scalar-valued cumulants of Xi, ...,Xs, in the sense 
of Speicher and Nica, and where bi^,...,bi^ G B are arbitrary, for all {ii,...,in) € 
{l,...,s}", neN. □ 

In the above lemma, ki^°\...) is our fci^"^ ^ *(...)• (See Chapter 1 and [6], [7]) 
Proposition 3.5. Let B be a unital algebra and let 



be a tower of ama,lgama,ted NCPSpaces. Fix k < j G N. Suppose that X = 
{xi, ...,Xs}, Y = {yi, ...,ys} C Aj+i are two subsets of operators and assume that 
XUY is free from. Ak, in (^j+i, -Bj+i) • If X and Y are free in (^j+i, Ej+i) , then 
X and Y are free over Ak, in (^j+i, Ek+ij+i) . 



Proof. Now take the following (sub)tower of the given tower 



Ek-i{Ek,j{x)) 




= Ej{Ek,j{x))eC. 



C C'^o B C"^! Ax C*'2 Aq, c'^s ... 



C c^'' Ak c^'^+i- A. 
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Then, by the previous theorems, (Aj+i, -Bj+i) and (^j+i, -Efc+i^j+i) are com- 
patible. By hypothesis, for any pi, ...,Pn € X UY, we have that 

^^^^ _ ^ 4"+i.. + i ® ^2P2 ® ... «) 

where b2,---,bn G -B are arbitrary 

(3.5.1) = {Ej+,{b2) ■ ■ ■ Ej+M) ■ k^n'^'^ (pi, ...,Pn) ■ Is, 

by the previous lemma, where kn (...) is the scalar-valued cumulant, in the 
sense of Speicher and Nica. By the freeness of X and Y in (A^+i, -Ej+i) , (3.5.1) 
goes to 

{Ej+r{b2) ■ ■ ■ Ej+^{bn)) ■ ki^'+'^ {xi„...,XiJ ■ 1b or 
{Ej+M ■ ■ ■ Ej+i{bn)) ■ fcf ^^^^ {yn,...,yij ■ Is 



= < 



for all {ii,...,in) G {l,...,s}", n € N. Therefore, X and F are free over Ak, in 
(Aj+i, Ek+i,j+i) ■ I 



Proposition 3.6. Let B be a unital algebra and suppose that we have a tower 
of amalgamated NCPSpaces as before. Fix k < j in N. Let X = {xi,...,Xs} and 

Y = {yi, ...,ys} be two subsets of operators in Aj+i. Assume that X UY is free 
from Ak in {Aj^i, Ej^i) . If X and Y are free in {Aj^i, Ej^i) , then 

( J- J -n'Xi,...,Xs,yi,...,j/s ^,^1 ) ...) ''s^ — J^xi,...,Xs K'^i j •••j '^s ) ' ^yi,...,ys \'^s+L i ^2s)- 

(2) R[._^j^y^'} ,^^_^_y^{zi, ...,Zs) = {^xi,^.,x} + ■^l/i.-Xj/s'') {Zi^...,Zs)- 

/o) niEk + i,j) I v\~ i 7?(^*^ + i.j) p(Sfc+i, j)\ , \ 

{OJ J-i-xiyi,...,Xsy3\^lj '^s) — \^t-xi,...,Xs '-'Ak I y^^l, ^s)- 

(Recall that Ek+i,k+i = Vk+i '■ ^fc+i -»■ ^fe, for all k.) 



Proof. Remember that (Aj+i, E'j+i) and (^j+i, Ek+i,j) are compatible, for any 

k < j in N. Since X L)Y and Af. are free in (^j+i, Ej+i) , if X and Y are free in 
{Aj^i, Ej^i) , then X and Y are free over Aj^, in {Aj^i, Ek^ij ) , by the previous 
proposition. | 
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4. Ladders of Amalgamated Noncommutative Probability Spaces 



In this chapter, we wih consider new algebraic structure, so-called a ladder 
of amalgamated NCPSpaces. Suppose that we have two towers of amalgamated 
NCPSpaces, 

c c*'° B c.f^ A-i c.f^ A2 cy^ A3 c'^* Ai cy^ ■■■ 

and 

C C'^o B' C*''i C*'^ A'^ A'^ C.'^'a A'^ C'c'^ ■ ■ : 

Assume that there is a relation between this two towers ; 

Aj c Aj is a subalgebra, for all j e N U {0}, 

with — Iaj, where A'q = B' and Aq = B. Then, for any k, we have the 
following square as a part of the ladder, 

Ak C^'^+'^'i Aj 

A!^ C^^+^,.- 4, 

where E'y.j^^ - = Lpk+\---'^j \a'.'- ^'j ^ is a conditional expectation and ik ■ 
Ak — > A'l^, ij : Aj — » Aj are conditional expectations, i.e, we have the following 
ladder generated by those two towers of amalgamated NCPSpaces, 

C C^o B c"^! Ai A2 C^^ A3 c'^'» • • • 

U'o U'l U'3 

C C^o B' C*'! A[ C^'^ A'2 A'3 c*'^ ■ • • 

Notice that ikfk+i • ^fe+i A'^ is a conditional expectation, for all k G N. 
Indeed, 

«fc</?fe+i(a) = ik{a) = a, for all a G A'k, 
since a G A'j^ c Ak- Also, 



ifeV'fe+i {axa') = ik {aipk+i{x)a') = a {ik(Pk+i{x)) a', 
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for all a, a' € A'^. and x S Ak+i- 
Definition 4.1. We say that the following inclusions 

yio yii yi2 yis 

C C^o B' C*'! A'l C^'^ A'2 ■ • • 

is a commuting ladder of amalgamated NCPSpaces if conditions (i) and (ii) are 
satisfied ; 

(i) Two towers of inclusions 

C C*'" B cy-^ Ai C*'2 A2 ^3 c_Va . . 

C C^o B' cy'^ A[ ^3 c^^ . . . 

are towers of amalgamated NCPSpaces. 

(ii) For any choice of a square of amalgamated NCPSaces, 

Ak C'^-'+i ^fc+i 

is a commuting square of amalgamated NCPSpaces, i.e conditional expectations 
on that square satisfy that 



Example 4.1. Let B he a unital algebra and (A, </?), a NCPSpace over B. Suppose 
that we have a linear functional (p^ : B ^ C Also assume that there is a scalar- 
valued chain of projections {pk)kLi C Ap^o- Suppose that there is a NCPSpace over 
B, {D,ip) such that D C A and there is a coditional expectation : A ^ D 
defined by E^(x) = x, if x ^ D C A and E'^{x) = Od, otherwise. Then we can get 
a commuting ladder of ( compressed) amalgamated NCPSpaces, 



C c"^" B c^i piApi P2AP2 C^3 

rpA ciA T^A 

C C'^o B C^i PlDpi P2DP2 
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where E"!^ = \pjApj andipj 's are defined in Section 2.3 (i.e, (pjj^i{pj+iapj+i) = 
Pjapj, ya G A), for all j £ N. Indeed, for any j, we have a commuting square of 
amalgamated NCPSpaces, 



PjApj c*'^+i pj+iApj+i 
PjDpj c*'^+i pj+iDpj+i, 



since 



Ed Vj+i (Pj+iaPj+i) = E^ {pjapj) 

Pjapj if a G D 
Oj5 otherwise. 



Vj+i Ed (Pj+iapj+i) 



iPj+i{Pj+iapj+i) ifaGD 

(Od) otherwise 
Pjapj if a G D 
Od otherwise. 



Hence the given ladder satisfies the condition (ii) of Definition 4.1. Since two 
towers in the ladder are towers of compressed amalgamated NCPSPaces, our ladder 
satisfies the condition (i) of Definition 4-1- Thus the ladder is a commuting ladder 
of amalgamated NCPSpaces. 



Proposition 4.1. Let 

C C*'" B C"^! Al A2 C^^ ^3 ... 

(jio ijii yi2 y»3 

C C^o B' C^'i A[ A'2 A'^ • • • 

be a commuting ladder of amalgamated NCPSpaces. Then, for any k < j in N, 
a square of inclusions 

Ak c^''+i'^ Aj 

A'^ C-^^+i.i A'j 



is a commuting square of amalgamated NCPSpaces. 
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Proof. Fix k < j. By the definition of commuting squares of amalgamated NCPSpaces, 
it suffices to show that 



ikEk+i,j = E'l^+x^jij '■ ^3 ^'k 
as a conditional expectation on Aj over Af.. Observe that, for any x G Aj, 

ikEk+i,j{x) = ik(Pk+i--fi{x) = (ik'Pk+i) 'fk+2--'fj{x) 
= iVk+iik+i) y:>k+2-^jix) 

= V'k+i {ik+i'Pk+2) Vk+3-Vjix) 

= fk+l {'P'k+2'^k+2) iPk+3-Vj{x) 

= - = 9'fc+i-'^i-i (^i-i'^i) (^)- 
= E'k+x,jij{^)- 

Therefore, the square of inclusions 



Ak C^i'+^-i Aj 

Ijik ijij 

A'^ C-^^+i.i A'j 



is a commuting square of amalgamated NCPSpaces. 



Corollary 4.2. Let 

C C^o B c"^! Ai A2 C^s A3 c*'* • • • 

Ijio ijii yi2 y»3 

C B' C^i A[ A'2 C^3 A'3 C^^ • • • 

be a commuting ladder of amalgamated NCPSpaces. Let {jk)kLi (sub)sequence 
ofN. Then we can construct a commuting (sub)ladder of amalgamated NCPSpaces 

(4.2.1) 



c 




Aj^ 




^2 
U»J2 


(^-^32 + 1. is 




C 


c 




A' 


C^J1 + 1.J2 


A' 


w' 

C 32 + 1, J3 


A' 


C 



Proof. By the previous proposition, we know that, for each chosen jp { p €N), 
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j^. (-^ip+i,j„+i j^i, 

is a commuting square of amalgamated NCPSpaces. So the ladder (4.2.1) satisfies 
the condition (ii) of Definition 4.1. By the previous chapter (or by compatibility), 
we know that the given two towers are all towers of amalgamated NCPSpaces. So 
the condition (i) of Definition 4.1 is also satisfied. Thus the ladder (4.2.1) is a 
commuting ladder of amalgamated NCPSpaces. | 



The above proposition and corollary show that if we have a commuting ladder 

of amalgamated NCPSpaces, then we can naturally define conditional expectations 
from the algebras, Aj^s, in the upper tower of the ladder to the algebras, A'j, 's, in 
the lower tower of the ladder, whenever k < j. The commuting property is crucial. 
Hence wc can observe the R-transform theory for those conditional expectations. 
Also, the above corollary shows us that if we have a commuting ladder of amalga- 
mated NCPSpaces, then we can choose infinitely many commuting subladders of 
amalgamated NCPSpaces from the given ladder. 



We observed, in the previous example, that we have the following commuting 

ladder of amalgamated (compressed) NCPSpaces ; Let {A, ip) be a NCPSpacc over 
B and let D be a subalgebra of A containing B. Assume that we have a conditional 
expectation : A ^ D defined by Eg (a) = a if a G D and E^{a) = Od, 
otherwise. Now, let {pk)kLi C Apro be a scalar-valued chain of projections such 
that (fiipk) = cck, Vfc G N. Then we have the commuting ladder of amalgamated 
NCPSpaces, 



(*) 



C c"^" B c.f^ PiApi P2AP2 C.f^ 



We will call this ladder, a commuting ladder of amalgamated compressed NCPSpaces 
induced by {pk)^=i and E^. Remark that it is possible that D = p^Ap^, for some 
iV e N. Then the above ladder can be regarded as 



C-^o B C"^! PlApi ... c.Vn pt^ApN C 



C C^o B 



Pi Dpi 



(2^2 . . . C^Vn 



II -f 
D 



i.e, we take pnDpn = pn+iDpn+i = Pn+2Dpn+2 = ■■■ = D. In this case, we 
have that 



'PN+j \pN+jDpN+y PN+jDpN+j ^ PN+U-l)DpN+{j-l) 
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as the identity map, id D ^ D, ioi all j e N. 

Proposition 4.3. Let B he a unital algebra and a NCPSpace over B and 

let D be a subalgebra of A containing B. Suppose that we have a scaalr-valued 
chain of projections {pk)'kLi C Apro, with ip{pk) = ctk • ^b, V/e, and a conditional 
expectation : A ^ D defined by E-^{x) = x, if x G D and E^{x) = Od = Ob, 
otherwise. Assume that we have a commuting ladder of amalgamated compressed 
NCPSpaces (*). Then, for any k < j E N, we can define a conditional expecta- 
tion Jfe+i, j : PjApj PkDpk satisfying the following property ; let X and Y be 
subsets of A. If X U Y and {pk} are free over B, in (A, ip), then X and Y are 
free over pkApk, in iA,ip) if and only ifpjXpj and pjYpj are free over pkDpk, in 



Proof. Suppose that we have a ladder of amalgamated compressed NCPSpaces (*) 
induced by {pk)kLi C Apro and a canonical conditional expectation, E^ : A ^ D. 
Then we can define a conditional expectation, 

Pk+i,j ■■ PjApj PkDpk, 

for any k < j, by 

Fk+i,j = • ^fe+i, j) ■ 

Recall that if X and Y arc free over pkApk, in [A,ip), then pjXpj and PjYpj 
are free oyer pkApk, in ^pjApj, ^^^^Ek+i,j^ (See Section 2.3). Also, since 

-E^-Efe+i, j = Ek+i,j E^, 

we need to show that pj [E^{X))pj and pj (E-^{Y))pj are free over pkDpk- 
But, trivially, if X and Y arc free over pkApk, then E-^{X) and E^{Y) are free 
over pkDpk, by the very definition of E^. i.e, 

E^iX) = {xeD:xGDnX} and E^{Y) = {y e D : y & D f\Y}. 

Thus they are automaticUy free under the hypothesis. So, we have that, if X 
and Y are free over pkApk, in {A, ip) , then 

(i) PjXpj and PjYpj are free over pkApk, in (pjApj, ^^Ek+i,j^ 
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(ii) By (i), pjE^{X)pj andpjE^{Y)pj are also free oyei pkDpk in (pjApj, -^^E^Ek+i, 
So, we can conclude that pkXpk a,ndpkYpk are free avev pi-Dpk, in {pjApj, Fk+ij) . | 

As an application, we have the following theorem ; 

Theorem 4.4. Let B be a unital algebra and (A, (^), a NCPSpace over B and let 
D be a subalgebra of A containing B. Suppose that we have a scaalr-valued chain of 
projections {pk)'kLi C Apro, with if{pk) = ctk • Is, Vfc, and a conditional expectation 
: A ^ D defined by E^{x) = x, if x G D and E^{x) = Od = Ob, otherwise. 
Assume that we have a commuting ladder of amalgamated compressed NCPSpaces 
(*). Let Fk+i,j '■ PjApj — > PkApk be E^Ek+i. j ■ Assume that we have two PkApk- 
free subsets X = {pjxipj, ...,PjXsPj} and Y = {pjViPj, ■■■jPjUsPj}- If XUY and 
{Pj} is free over PkApk, in {pjApj,Ek+ij), then, for any fixed k < j gN, we have 
that 



= R 



{Fk+l, j) I ^ \ I Ji^Fk+l,j\ 

■PjXlPj ,---,PjXsPj\Zl, ■■■,Zs) -|- np-yp-^,,. 



(2) FtpjXipj+pjyi_pj,...,pjXsPj+PjVePj (•^l' "^^s) 

= F^jxtp/2-,P3^sPo (-2^1) •••) ^s) + I^jypj',-^-,PjyaPj (•2^1) •••) ^s)- 



(3) R^^''+'^-'^ (zi z 

' ^ {PjXipj){P3yiPj),—,{pjXsPj){pjysP3)^ * 

— yJrLp^xipj,...,pjX,pj us ^jy-LPj,-.-,PjysPj j ■■■^^s 



J^PjXipj,...,PjXsPj UB 



^yi\ ■ ■ ■ >!/a) {zi, Zs). 



□ 



We can extend this construction of such ladders from two pairs of towers of 
amalgamated NCPSpaces to nets of amalgamated NCPSpaces such as 



C C 


B 


c 


Ai 


c 


A2 


c 


^3 


c 




u 




u 




u 




u 




C C 


B' 


c 


A[ 


c 


A', 


c 


A' 


c 




U 




u 




u 




u 




C C 


B" 


c 


A'{ 


c 


A" 


c 


A" 

^3 


c 




U 




U 




U 




U 





B\it even in the commuting ladders, we have seen that it is difficult to consider 
the amalgamated freeness between two algebras in that ladderWe only considered 
the case when we have a commuting ladder of amalgamated compressed NCPSpaces 
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induced by a scalar- valued chain of projections and the given "good" conditional 
expectation. 



References 



[I] A. Nica, R-transform in Free Probability, IHP course note, available at www.math.uwaterloo.ca/~anica. 
[2] A. Nica, R-transforms of Free Joint Distributions and Non-crossing Partitions, J. 

of Func. Anal, 135 (1996), 271-296. 

[7] A. Nica, D. Shlyakhtenko and R. Speicher, R-cyclic Families of Matrices in Free 
Probability, J. of Funct Anal, 188 (2002), 227-271. 

[4] A. Nica, D. Shlyakhtenko and R. Speicher, R-diagonal Elements and Freeness with 
Amalgamation, Canad. J. Math. Vol 53, Num 2, (2001) 355-381. 

[5] D. Shlyakhtenko, Some Applications of Freeness with Amalgamation, J. Reine 
Angew. Math, 500 (1998), 191-212. 

[6] D. Shlyakhtenko, A- Valued Semicircular Systems, J. of Funct Anal, 166 (1999), 
1-47. 

[7] D. Voiculescu, Operations on Certain Non-commuting Operator- Valued Random 
Variables, Asterisque, 232 (1995), 243-275. 

[8] D.Voiculcscu, K. Dykemma and A. Nica, Free Random Variables, CRM Monograph 
Series Vol 1 (1992). 

[9] I. Cho, Amalgamated Boxed Convolution and Amalgamated R-transform Theory 
(preprint). 

[10] I. Cho, Compressed Amalgamated R-transform Theory, preprint. 

[II] I. Cho, Perturbed R-transform Theory, preprint. 

[12] I. Cho, Compatibility of a noncommutative probability space and an amalgamated 
noncommutative probability space, preprint 

[13] R. Speicher, Combinatorics of Free Probability Theory IHP course note, available 
at www.mast.queensu.ca/~speicher. 

[14] R. Speicher, Combinatorial Theory of the Free Product with Amalgamation and 
Operator- Valued Free Probability Theory, AMS Mem, Vol 132 , Num 627 , (1998). 

Dep. of Math, Univ of Iowa, Iowa Sity, IA, U.S. A 
E-mail address: icho@math.uiowa.edu 



